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In this paper, we use the Newton’s equation with a time-oscillating force for the clari-
fying the basic ideas of Vibrodynamics and two-timing method. Our treatment is simple
but general. The central targets are the use of the distinguished limit and the univer-
sal appearance of a vibrogenic force. The aim of the distinguished limit procedure is to
established a closed system of averaged equations. We show, that the number of dis-
tinguished limits and related averaged equations is infinite. Their common part is the
universal vibrogenic force, which (for different distinguished limits) appears in the aver-
aged equations of different orders. The current state-of-the-art in this area is: a number
of particular examples are well-known, but the presented general and simple/clarifying
treatment is novel.
1. Introduction
In this paper we give a simple but systematic treatment of Newton’s equation with
an oscillating force. The aim is to introduce Vibrodynamics and the two-timing method.
We concentrate our attention at the distinguished limit procedure and the universality of
the vibrogenic force. The results are presented with a natural generality and simplicity,
which often confuses researchers. A common confusing point is: distinguished limits are
usually used without any comments to the way of their appearance. However, a simple
and systematic treatment can improve the understanding and lead to new interesting
applications. The number of related references and examples could be very significant, we
restrict ourselves only to Vladimirov (2005), Yudovich (2006). The term vibrogenic force,
for the averaged force generated by vibrations, has been introduced by Yudovich (2006).
It is important for applications, that under oscillations we understand any time-periodic
motions, including rotation. The exposition of material is accessible to UG students.
2. Two-timing setting
We consider a system of ODEs
d2
dt2
x† = f †(x†, τ), τ ≡ ω†t†
where x† = (x1, x2, x3) and t
† are cartesian coordinates and time, the unknown function
is x†(t†), f†(x†, τ) is a given oscillating force, a constant mass of a particle is included
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in the definition of force, ω† is a given frequency, and ‘daggers’ stand for dimensional
variables. We assume that there are mutually independent characteristic scales of velocity
U , length L and force F . Then the above equations can be rewritten in the dimensionless
form as:
d2x
dt2
= ωβf(x, τ), τ = ωt (2.1)
where
x† = Lx, f † = Ff , t† = T t, ω† = ω/T, T = L/U, FT 2/L ≡ ωβ
The dimensionless magnitude of force is taken as ωβ (β = const is any real number)
and is introduced for the further use of distinguished limits, where ω will be taken as
the only large parameter. In accordance with the common idea of two-timing method
we introduce two mutually dependent time-variables s, τ (we call s slow time and τ fast
time):
τ ≡ ωt, s ≡ t/ωα; α = const > −1 (2.2)
Then the use of the chain rule brings (2.1) to the form(
ω
∂
∂τ
+
1
ωα
∂
∂s
)2
x = ωβf (x, τ) (2.3)
Then one can rewrite (2.3) as
xττ + 2εxτs + ε
2xss = ε
κf(x, τ), ε ≡ ω−1−α, κ ≡
2− β
1 + α
(2.4)
where ε is the only small parameter and the subscripts τ , s stand for the partial deriva-
tives. The key suggestion of the two-timing method is
τ and s are considered as mutually independent variables (2.5)
This suggestion converts (2.4) from an ODE with the only independent variable t into a
PDE with two independent variables τ, s. As the result, any solutions of (2.4) must have
the functional form:
x = x(s, τ) (2.6)
It should be emphasized that, without accepting (2.5), the functional form of solutions
can be different. Indeed the presence of the dimensionless scaling parameter ε allows one
to build an infinite number of different time-scales, not just τ and s. Hence, we accept
(2.5) and (2.6).
3. Asymptotic procedure for large ω
3.1. Required notations, operations, and suggestions
The imposed restriction α > −1 (2.2) generates small values of ε ≡ 1/ω and establishes
the roles of τ and s as the fast and the slow time variables. A regular perturbation
procedure starts from substituting the series
x(s, τ) =
∞∑
n=0
εnxn(s, τ), n = 0, 1, 2, . . . (3.1)
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into (2.4). For consistency of such a substitution, we accept that all functions used in
this paper are always of order one and all large parameters or small parameters are
represented by various degrees of ε only, which appear as explicit multipliers.
For making any further analytic progress, we introduce a few convenient notations and
agreements. Here and below, we assume that any used dimensionless function g(s, τ)
(which could be scalar, vectorial, or tensorial one) has the following properties:
(i) g ∼ O(1) and all (required for our consideration its s-, and τ -derivatives) are also
O(1). This restriction is essential. In particular, it makes impossible the changing of β
by dividing (2.4) by any degree of ε;
(ii) g is 2pi-periodic in τ , i.e. g(s, τ) = g(s, τ + 2pi), which represents a technical
simplification;
(iii) g has an average given by
g ≡ 〈g 〉 ≡
1
2pi
∫ τ0+2pi
τ0
g(s, τ) dτ ∀ τ0 = const; (3.2)
hence g can be split into the sum of average and purely oscillating parts
g(s, τ) = g(s) + g˜(s, τ) (3.3)
where tilde-functions (or purely oscillating functions) are such that 〈g˜ 〉 = 0 and the bar-
functions g(s) (or the averaged functions 〈g 〉 = g) are τ -independent. In the introduced
terminology, functions x(s, τ), f (x, t), xn(s, t) and fn(x, t) represent the combinations
of bar- and tilde- parts, e.g. xn(s, τ) = xn(s) + x˜n(s, τ);
(iv) a special notation g˜τ (with a superscript τ) is introduced for the tilde-integration
of tilde-functions; such an operation keeps the result within the tilde-class:
g˜τ ≡ G−G, G(s, τ) ≡
∫ τ
0
g˜(s, τ ′) dτ ′
The tilde-integration is inverse to the τ -differentiation (g˜τ )τ = (gτ )
τ = g˜; the proof is
omitted;
(v) The series for f appears as a Taylor’s formula
f(x, τ) = f0 + ε(x1 · ∇0)f0 + ε
2
(
(x2 · ∇0)f0 +
1
2
x1ix1k
∂f0
∂x0i∂x0k
)
+O(ε3), (3.4)
where we use the summation convention and a shorthand f0 ≡ f(x0, τ).
3.2. Distinguished limits
The consistency of the equations (2.4), (3.1), and the O(1) values of all the involved
functions and their derivatives, requires that parameter κ in (2.4) should represent a
non-negative integer:
κ = 0, 1, 2, . . . α > −1 (3.5)
At the same time, parameters α and β are not necessarily integers. Each distinguished
limit appears as the value of κ which, after the substitution of (3.1) into (2.4), leads to
valid procedure of successive approximations.
Hence we should consider all available values of κ (3.5):
• The value κ = 0 (where β = 2 for any value of α > −1), causes the oscillatory
acceleration of the same order as the applied force. In this case, the oscillatory motion
dominates (in amplitude) over the averaged one, which is usually treated by the Krylov-
Bogolubov method and deserves a special consideration. We do not consider it in this
paper.
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• The case κ = 1 is the same as α + β = 1, we refer to it as Distinguished limit-1 or
DL-1.
• The case κ = 2 is the same as α = −β/2, we refer to it as Distinguished limit-2 or
DL-2.
• The cases κ ≥ 3 correspond to the appearance of universal vibrogenic force to higher
(than in DL-1 and DL-2 ) approximations in ε. For that reason we also do not consider
them. The case DL-2 is more generic than DL-1, hence we study it first.
3.3. Calculations for the DL-2
The equation (2.4) takes a form:
xττ + 2εxτs + ε
2xss = ε
2f (x, τ) (3.6)
The substitution of (3.1) into (3.6), with taking into account (3.4) produces a closed
system of approximations which we consider in detail:
The zero-order equation (3.6) is x0ττ = 0. The substitution of x0 = x0(s) + x˜0(s, τ)
gives x˜0ττ = 0. One can integrate it twice, obtaining x˜0 = h1(s)τ + h2(s), where the
arbitrary functions h1(s) and h2(s) vanish due to the τ -periodicity and zero average of
x˜0. Hence, the unique (inside the tilde-class) solution is x˜0 ≡ 0. Thus the results are:
x˜0(s, τ) ≡ 0; x0(s) is not defined (3.7)
The first-order equation (3.6) is x1ττ + 2x0τs = 0. It similarly lead to
x˜1(s, τ) ≡ 0; x1(s) is not defined (3.8)
The second-order equation (3.6) is
x2ττ + 2x1τs + x0ss = f (x0, τ) = f (x0) + f˜(x0, τ) ≡ f0 + f˜0 (3.9)
which produces the bar-part
x0ss = f0 (3.10)
while the tilde-part leads to
x˜2ττ = f˜ , x˜2 = f˜
ττ
0 (3.11)
The third-order equation (3.6)
x3ττ + 2x2τs + x1ss = (x1 · ∇0)f0 (3.12)
produces the bar-part
x1ss = (x1 · ∇0)f0 (3.13)
The forth-order equation (3.6)
x4ττ + 2x3τs + x2ss = (x2 · ∇0)f0 +
1
2
x1ix1k
∂f0
∂x0i∂x0k
(3.14)
produces the bar-part
x2ss = (x2 · ∇0)f0 + 〈(x˜2 · ∇0)f˜0〉+
1
2
x1ix1k
∂f0
∂x0i∂x0k
(3.15)
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The substitution of x˜2 from (3.11) and integration by parts yield
x2ss = (x2 · ∇0)f0 +
1
2
x1ix1k
∂f0
∂x0i∂x0k
+ F
vibr
(3.16)
where a vibrogenic force is
F
vibr
≡ −〈(f˜
τ
0 · ∇)f˜
τ
0〉 (3.17)
One can see that (3.10), (3.13), (3.16), (3.17) represents a closed system of equations for
averaged motions x(s) = x0(s) + εx1(s) + ε
2x2(s) +O(ε
3), where
(i) (3.10) formally coincides with the original averaged equation;
(ii) (3.13) represents the linearized equation (3.10);
(iii) (3.16) is the equation for second-order perturbations, which are driven by an
additional vibrogenic force F
vibr
. Obtaining of F
vibr
(3.17) represents the key result of
calculations.
3.4. Calculations for the DL-1
The main equation (2.4) takes the form
xττ + 2εxτs + ε
2xss = εf(x, τ) (3.18)
where we accept that the average of f for any x = x(s) is zero. Following to similar
steps in calculations as above for ε0, ε1, ε2 approximations produce the following averaged
equations:
x0ss = F
vibr
(3.19)
Here the same F
vibr
(3.17) appears in the equation of main approximation for x0.
4. Do DL-1 and DL-2 produce different solutions?
Let us consider solutions with β = 0 in (2.1). Physically, they are most significant,
since they correspond to the dimensionless force of order one. Then (α, β) = (1, 0), s = εt
in DL-1, and (α, β) = (0, 0), s = t in DL-2.
The DL-2 averaged equations are (3.10), (3.13), (3.16). Taking f0 ≡ 0 in these equation
gives:
x0ss = 0, x1ss = 0, x2ss = F
vibr
, where s = t (4.1)
Then a special solution is
x0 = 0, x1 = 0, x2ss = F
vibr
(4.2)
The DL-1 averaged equation (3.19) (where f0 ≡ 0 by definition) is:
x0ss = F
vibr
, where s = εt (4.3)
One can see that in terms of the original physical time t the equations can be (informally)
rewritten as
x2tt = F
vibr
for DL-2 , and x0tt = ε
2F
vibr
for DL-1 (4.4)
which shows that the main (zeroth) DL-1 approximation is the same as the second
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approximation ε2x2 of the special DL-2 solution (4.2). Hence, one can conclude that the
solutions DL-1 represents a special case of DL-2. This example shows that although two
solutions belong to different distinguished limits and look different, they can represent
just two different forms of the same solution.
5. Discussion
1. The term distinguished limit is related to the fact that we are looking for the asymptotic
solutions related to a small parameter (ε ≡ 1/ω on our case). These are distinguished,
since not every value of κ leads to a valid asymptotic procedure. A common confusing
point is: in the literature, distinguished limits are usually used without any comments to
the way of their appearance.
2. The above results show, that the number of distinguished limits for Newton’s equa-
tion with oscillating forcing is infinite, while some of them can be more interesting for
applications than others.
3. For a potential vibrational force f˜ = ∇ϕ˜ the vibrogenic force is also potential:
F
vibr
= −∇Π, where Π ≡ 〈(∇ϕ˜τ )2〉/2 (5.1)
Hence, for potential forces (like gravitational or electrostatic ones) the studies are sim-
plified.
4. In this paper, both the oscillating and averaged forces are given in the most general
form. Hence, the practically oriented reader needs to propose physically interesting forces
and to substitute it into the ready-made formulae. Readers also can see that the described
procedure produces the full asymptotic solutions, including their averaged and oscillating
parts. The above theory can be directly applied to the classical Stephenson-Kapitza
pendulum and to a large number of other interesting examples (known and new ones).
Presenting any physical examples is not the subjects of this short paper.
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